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Abstract
In this paper some properties of the superstring with noncommutative worldsheet
are studied. We study the noncommutativity of the spacetime, generalization of the
Poincare´ symmetry of the superstring, the changes of the metric, antisymmetric tensor
and dilaton.
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1 Introduction
The noncommutative geometry [1] has been considered for some time in connection with
various physics subjects. Recent motivation to study the noncommutative geometry mainly
comes from the string theory. String theories have been pointing towards a noncommuting
scenario already in the 80’s [2]. Recently Yang-Mills theories on noncommutative spaces
have emerged in the context of M-theory compactified on a torus in the presence of constant
background three-form field [3], or as low-energy limit of open strings in a background B-
field, describing the fluctuations of the D-brane worldvolume [4, 5, 6]. The worldvolume of
a D-brane with constant background B-field, is an example of a noncommutative spacetime,
in which gauge and matter fields live [3, 4, 5, 7]. In other side, fundamental strings in the
R⊗R background B-field become noncommutative. This was shown in the context of matrix
theory [8].
Field theory on a noncommutative space has been proved to be useful in understanding
various physical phenomena. Noncommutative field theory means that fields are thought of
as functions over noncommutative space. At the algebraic level, the fields become operators
acting on a Hilbert space as a representation space of the noncommutative space [9].
If the string worldsheet lives in a noncommutative spacetime, it is natural to expect it to
inherit the noncommutativity from the spacetime. This can be seen from the fact that the
pull-back of the spacetime noncommutativity parameter on the string worldsheet is not zero
[10]. Furthermore, the string worldsheet can be a target space for another string theory [12].
Also see the Refs.[13, 14]. These reduce the speculative property of the noncommutative
worldsheet, and motivate us to study it.
Previously we considered the superstring action as a two dimensional noncommutative
field theory [10]. Up to the first order of the noncommutativity parameter, and some ad-
ditional terms to the noncommutative superstring action, some physical quantities are ob-
tained. For example, we obtained new supersymmetric action for string, extended boundary
state of closed superstring, new boundary conditions for open string which lead to the gen-
eralization of the noncommutativity parameter of the spacetime.
In this paper, we do not consider the additional terms to the superstring action. Accord-
ing to this, now we study some other properties of the superstring with noncommutative
worldsheet, to all orders of the noncommutativity parameter. Noncommutative worldsheet
of string gives a noncommutative spacetime. If some directions of the spacetime are com-
pacted on tori, the vacuum expectation value of the spacetime noncommutativity parameter
can be non-zero. Noncommutative worldsheet also enables us to generalize the Poincare´
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symmetry. That is, some additional terms can be added to the ordinary Poincare´ transfor-
mations. Therefore, we obtain a generalized conserved current. Furthermore, the NS⊗NS
fields of superstring modify by a common phase. For θ = 0, all these results reduce to the
known cases of the superstring theory with ordinary worldsheet, as expected. Making use
of the Refs.[10, 11], one can find descriptions of the noncommutativity parameter of the
worldsheet.
This paper is organized as follows. In section 2, we study the action of the superstring
with noncommutative worldsheet. In section 3, the noncommutativity of the spacetime,
extracted from the noncommutativity of the string worldsheet, is studied. In section 4, a
general form of the Poincare´ symmetry is given. In section 5, the effects of the noncommu-
tativity of the worldsheet on the metric, Kalb-Ramond field and dilaton are extracted.
2 Noncommutative worldsheet
There are some models that the target space for the string theory is two-dimensional space-
time. For example, the string worldsheet (i.e., Σ1) itself may emerge as the embedding space
of a two-dimensional string theory (with the worldsheet Σ2) [12]. There may exist more
primitive worldsheet theories (i.e., Σ2, Σ3, ...). In this scheme the action of the coordinates
of the worldsheet Σ1 should arise from the two-dimensional string theory Σ2 [12]
S1 = − 1
4πα′
∫
Σ2
dη0dη1
√
hhαβgab(σ
0, σ1)∂ασ
a∂βσ
b, (1)
where {η0, η1} are coordinates and hαβ is metric of Σ2. Also gab is the metric of the two-
dimensional target space Σ1.
In general, for the action (1) there are background fields [13]. These backgrounds, in the
usual way, cause the coordinates σ0 and σ1 to be noncommutative. This implies that in the
action of the fields {Xµ(σ0, σ1)} the ordinary product should change with the star product.
Therefore, this also motivates us to study the noncommutativity of the worldsheet and its
consequences.
We look at the superstring action as a two dimensional noncommutative field theory.
In other words, let that the superstring worldsheet be a two dimensional noncommutative
space. In this space superstring with worldsheet supersymmetry has the action
S∗ = − 1
4πα′
∫
d2σ
(
∂aX
µ ∗ ∂aXµ − iψ¯µ ∗ ρa∂aψµ
)
, (2)
where the spacetime and the worldsheet metrics are ηµν = diag(−1, 1, ..., 1) and ηab =
diag(−1, 1). We later discuss about the supersymmetry of this action. The star product
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in this action is defined between any two functions of the worldsheet coordinates σa = (σ, τ),
f(σ, τ) ∗ g(σ, τ) = exp
(
i
2
θab
∂
∂ζa
∂
∂ηb
)
f(ζ0, ζ1)g(η0, η1)
∣∣∣∣
ζa=ηa=σa
. (3)
The antisymmetric tensor θab has only one independent component, i.e., θab = θǫab, where
ǫ01 = −ǫ10 = 1. Definition (3) gives the noncommutativity between the worldsheet coordi-
nates as
σa ∗ σb − σb ∗ σa = iθab . (4)
Usually, noncommutativity is associated with some background fields. It seems no obvi-
ous candidate exists in two-dimension. However, in our model the noncommutativity of the
worldsheet, through the spacetime noncommutativity, depends on the background B-field
[10]. Furthermore, we can interpret this parameter as the UV cut-off for the worldsheet
[10, 11].
The equations of motion of the worldsheet fields are
(∂2τ − ∂2σ)Xµ = ∂+ψµ− = ∂−ψµ+ = 0 , (5)
where ∂± =
1
2
(∂τ ± ∂σ). Therefore, ψµ− and ψµ+ are the right moving and the left moving
components of ψµ. These equations are the same that appear for the superstring with
ordinary worldsheet. For the next purposes we need the solutions of these equations. For
closed string there is
Xµ(σ, τ) = xµ + 2α′pµτ + 2Lµσ +
i
2
√
2α′
∑
n 6=0
1
n
(
αµne
−2in(τ−σ) + α˜µne
−2in(τ+σ)
)
, (6)
where Lµ is zero if the direction Xµ is non-compact, and is NµRµ if this direction is compact
on a circle with radius Rµ. In this case the momentum of the closed string is quantized,
i.e., pµ = M
µ
Rµ
. The integers Nµ and Mµ are the winding and the momentum numbers of the
closed string, respectively.
For open string we have the solution
Xµ(σ, τ) = xµ + 2α′pµτ + i
√
2α′
∑
n 6=0
1
n
αµne
−inτ cosnσ . (7)
Note that this solution satisfies the boundary conditions of the variation of the action (2). In
this variation there are infinite number of boundary terms. These terms contain derivatives
that originate from the noncommutativity of the string worldsheet. The boundary condition
(∂σX
µ)σ0 = 0 , (8)
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is sufficient to drop all the boundary terms of the above variation. σ0 = 0, π shows the
boundaries of the open string worldsheet.
Consider global worldsheet supersymmetry transformations
δXµ = ǫ¯ψµ ,
δψµ = −iρa∂aXµǫ . (9)
Invariance of the action (2) under these transformations leads to the worldsheet supercurrent
Ja =
1
2
ρbρaψ
µ ∗ ∂bXµ . (10)
According to the equations of motion, this is a conserved current, i.e., ∂aJa = 0.
3 Spacetime noncommutativity
Noncommutativity of the string worldsheet directly leads to the noncommutativity of the
spacetime. Making use of the formula
eip(τ+kσ) ∗ eiq(τ+lσ) = e i2 θpq(k−l)eip(τ+kσ)eiq(τ+lσ) , (11)
we obtain the following noncommutativities for the spacetime
[Xµ(σ, τ) , Xν(σ, τ)]∗ = θ(2α
′)3/2
∑
n 6=0
(pµανn − pναµn)e−inτ sinnσ
−2α′ ∑
m6=0
∑
n 6=0
(
1
mn
(αµnα
ν
m − ανnαµm)e−i(m+n)τ cosm(σ +
1
2
nθ) cosn(σ − 1
2
mθ)
)
, (12)
from the open string point of view, and
[Xµ(σ, τ) , Xν(σ, τ)]∗ = 4iθα
′(pµLν − pνLµ)
+iθ(2α′)3/2
∑
n 6=0
(
(αµnp
ν − ανnpµ)e−2in(τ−σ) − (α˜µnpν − α˜νnpµ)e−2in(τ+σ)
)
+2iθ
√
2α′
∑
n 6=0
(
(αµnL
ν − ανnLµ)e−2in(τ−σ) + (α˜µnLν − α˜νnLµ)e−2in(τ+σ)
)
−iα′ ∑
n 6=0
∑
m6=0
(
1
mn
(α˜µnα
ν
m − α˜νnαµm) sin(4mnθ)e−2i(m+n)τ e2i(m−n)σ
)
, (13)
from the closed string point of view. The right hand sides of the relations (12) and (13) are
non-zero. This is because of the non-zero value of the parameter θ. Therefore, the noncom-
mutativity of the spacetime, resulted from the noncommutativity of the string worldsheet,
depends on the fact that the propagating string in the spacetime is open or is closed.
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Now consider the following expectation values of the commutators (12) and (13)
〈0|[Xµ(σ, τ) , Xν(σ, τ)]∗|0〉 = 0 , for open string,
〈v|[Xµ(σ, τ) , Xν(σ, τ)]∗|v〉 = iΘµν , for closed string , (14)
where |v〉 = |0, 0˜ ; {Mµ}, {Nν}〉 is a closed string state with the momentum numbers {Mµ}
and the winding numbers {Nµ}, and
Θµν ≡ 4α′θ(pµLν − pνLµ)
= 4α′θ
(
MµNν
Rν
Rµ
−MνNµR
µ
Rν
)
, (15)
therefore, if some of the directions of the spacetime are compactified on tori with radii {Rµ},
a closed string with noncommutative worldsheet, momentum numbers {Mµ} and winding
numbers {Nµ}, probes the expectation value of the noncommutativity of the spacetime like
the relation (15). Open strings with noncommutative worldsheet do not probe the vacuum
expectation value of the spacetime noncommutativity.
4 Poincare´ symmetry
Poincare´ transformations δXµ = aµνX
ν + bµ and δψµ = aµνψ
ν , are global symmetries of the
superstring theory with ordinary worldsheet, where aµν is a constant antisymmetric tensor
and bµ is a constant vector. Two conserved currents are associated to them. For the super-
string theory with noncommutative worldsheet, these transformations can be generalized.
Therefore, the effects of this generalization also appear in the currents. The generalized
transformations are
δXµ = aµνX
ν + bµ ,
δψµ = aµν(ψ
ν + ψν ∗ φ− ψνφ) , (16)
where φ(σ, τ) is a scalar of the worldsheet. It will be determined in terms of the coordinates
σ and τ .
Making use of the equations of motion, the variation of the action (2) under the trans-
formations (16), is
δS∗ =
i
4πα′
aµν
∫
d2σ
(
ψ¯µ ∗ ρa(ψν ∗ ∂aφ− ψν∂aφ)
)
. (17)
For vanishing of this variation, one possibility is that ∂aφ be constant, i.e., independent of
the coordinates σ and τ ,
∂aφ(σ, τ) = ca . (18)
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This equation has the solution
φ(σ, τ) = caσ
a + φ0 , (19)
where c0, c1 and φ0 are constants.
The currents associated to the transformations (16) are
P µa =
1
2πα′
∂aX
µ , (20)
Jµνa =
1
4πα′
(
(Xµ ∗ ∂aXν −Xν ∗ ∂aXµ + ∂aXν ∗Xµ − ∂aXµ ∗Xν)
+iψ¯µ ∗ ρa(ψν ∗ φ− ψνφ)− iψ¯ν ∗ ρa(ψµ ∗ φ− ψµφ)
)
+i(ψ¯µ ∗ ρaψν − ψ¯ν ∗ ρaψµ) . (21)
The constant φ0 has no effects on the transformations (16) and on the current (21). According
to the equations of motion, these currents are conserved, i.e., ∂aP µa = 0 and ∂
aJµνa = 0. If the
noncommutative worldsheet changes to the ordinary worldsheet, the transformations (16)
and the current (21) reduce to the ordinary case, as expected.
more generalization
Transformations (16) can be generalized as in the following
δXµ = aµνX
ν + bµ ,
δψµ = aµν(ψ
ν + b1ψ
ν
1 + b2ψ
ν
2 + ... + bNψ
ν
N) , (22)
where N is an integer and {b1, b2, ..., bN} are arbitrary coefficients, and
ψµn = ψ
µ
n−1 ∗ φ− ψµn−1φ , 1 ≤ n ≤ N ,
ψ
µ
0 = ψ
µ . (23)
Again with the choice (19) for φ, the variation of the action (2) under the transformations
(22) vanishes. Define differential operator D as
D = −1
2
iθabca∂b =
1
2
iθ(c1∂τ − c0∂σ) , (24)
therefore, ψµn can be written as
ψµn = D
nψµ . (25)
This simplifies the second transformation of (22) as in the following
δψµ = aµν
N∑
n=0
bnD
nψν , b0 = 1 . (26)
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For the special choices bn =
1
n!
and N →∞ this transformation becomes
δψµ = aµν exp
(
1
2
iθ(c1∂τ − c0∂σ)
)
ψν(σ, τ)
= aµνψ
ν
(
σ − iθ
2
c0 , τ +
iθ
2
c1
)
, (27)
which follows by combination of the shifts on the worldsheet coordinates and a rotation in
the spacetime.
The currents associated to the transformations (22), are the current (20) and
Jµνa =
1
4πα′
(
(Xµ ∗ ∂aXν −Xν ∗ ∂aXµ + ∂aXν ∗Xµ − ∂aXµ ∗Xν)
+i
N∑
n=0
bn(ψ¯
µ ∗ ρaDnψν − ψ¯ν ∗ ρaDnψµ)
)
, (28)
which is conserved, i.e., ∂aJµνa = 0. This is more general than the current (21).
Note that the parameters {bn}, c0 and c1 in the transformation (26) and in the current
(28), remain arbitrary. For c0 = ±c1, the operator D is proportional to ∂∓. In this case,
according to the equation (11), the effects of the noncommutativity of the worldsheet on the
fermionic part of the current (28), for n ≥ 1, are collected only in the derivative D. That is,
the star product appears as usual product. Also the transformation (26) for n ≥ 1 only has
derivatives of the left moving or the right moving components of the worldsheet fermions
{ψµ}.
5 The fields gµν, Bµν and Φ
We are interested in to know the effects of the noncommutativity of the string worldsheet on
the metric, antisymmetric tensor and dilaton. We discuss on these fields both in the bosonic
string and in the superstring theories. The states of these fields can be extracted from their
vertex operators.
For the bosonic string consider the operator
Ωµν(p) = − 2i
πα′
∫
d2σ : ∂−X
µ ∗ ∂+Xν ∗ eip.X : . (29)
Making use of the solution (6), therefore from the state
Ωµν(0)|0 , 0˜ ; p = 0〉 , (30)
we read the state
e−4iθα
µ
−1α˜
ν
−1|0 , 0˜ ; p = 0〉 . (31)
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According to this state we have
g
µν
θ = e
−4iθgµν ,
B
µν
θ = e
−4iθBµν ,
Φθ = e
−4iθΦ . (32)
Thus, these fields take only a phase. Modification of the dilaton changes the string coupling
constant.
For the superstring, gµν , Bµν and Φ are the NS⊗NS sector fields. The states of these
fields can be extracted from the following state
−2i
π
∫
d2σ : ψµ− ∗ ψν+ : |0 , 0˜ ; p = 0〉 . (33)
From this state we read the state
e−iθb
µ
−1/2 b˜
ν
−1/2|0 , 0˜ ; p = 0〉 . (34)
According to this state, we obtain
g
µν
θ = e
−iθgµν ,
B
µν
θ = e
−iθBµν ,
Φθ = e
−iθΦ . (35)
Therefore, the corrections of the metric, antisymmetric tensor and dilaton in the superstring
theory are different from their corrections in the bosonic string theory. Since θ-parameter is
real, the real parts of these fields can be interpreted as physical fields.
6 Conclusions and remarks
The noncommutativity of the string worldsheet leads to the noncommutativity of the space-
time. The latter depends on probing by open or closed string. If some of the spacetime
directions are compactified on tori, the noncommutativity of the spacetime depends on the
momentum numbers and the winding numbers of the probing closed string.
By adding some additional terms to the Poincare´ transformations of the worldsheet
fermions, the Poincare´ symmetry of the superstring was generalized. The noncommutativity
of the superstring worldsheet permits this generalization and consequently the generalized
form of the associated conserved current.
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The NS⊗NS fields of the type II superstring (i.e., the metric, antisymmetric tensor and
dilaton) changed only by a phase. The changes of these fields in the bosonic string theory,
are different from their changes in the superstring theory.
Note that the consistency of this model with two-dimensional conformal invariance is not
clear. However, for some interesting properties of it we studied the model. If we allow the
scale invariance of the worldsheet to be broken at very short distances on the worldsheet,
the UV cut-off of the worldsheet [11] can be interpreted as the parameter of the noncommu-
tativity [10].
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